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Abstract
We address the issue of fermionic particle creation in cosmological bouncing models governed by
General Relativity, but where the bounce itself takes place due to quantum effects. If the energy
scale of the bounce is not very close to the Planck energy, the Wheeler-DeWitt approach can be
used to furnish sensible singularity-free background models with a contracting phase preceding
an expanding phase in which the fermions evolve. The fermionic fields considered are massive,
neutral and minimally coupled to gravity. We are particularly interested in neutrinos, neutrons
and heavy neutrinos motivated by theories beyond the Standard Model of Particle Physics. We
perform a numerical analysis for a bouncing model containing radiation and a pressureless fluid.
The results reveal that the fermionic production is very small, with no back-reaction, unless the
fermions are very heavy with masses up to 109GeV. Hence, investigations concerning baryogenesis
in such bouncing models should either go beyond the minimal coupling between gravity and the
fermionic fields considered here, or assume the existence of such heavy fermions as a starting point.
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I. INTRODUCTION
In a dynamical Universe, in which there is no time-like killing vector field, particles can
be created by the gravitational field. This is usually done through parametric amplification,
which is evoked by many authors as the process of creation of particles in the pre-heating
phase of inflationary models [1–4], and as the amplification process of cosmological pertur-
bations originated from quantum vacuum fluctuations [5].
In cosmological bouncing scenarios, parametric amplification is also responsible for the
enhancement of cosmological perturbations along its evolution [6–10], and for the creation
of scalar particles during the bounce [11]. In both cases, an initial vacuum state is defined
through an adiabatic prescription when the Universe was very big and almost flat in the
far past of the contracting phase, and the time dependent gravitational field acts as a
pump field along the cosmological evolution. In the case of cosmological perturbations,
amplitudes and spectra of scalar and tensor perturbations can be obtained compatible with
the observed values, provided the contracting phase is dominated by a pressureless fluid
(compatible with dark matter) [12, 13]. Non-gaussianities of such perturbations are now
being investigated [14]. In the case of scalar particle creation, the production is usually
small, although in some special cases it can be comparable to the background energy density,
and back-reaction must be evaluated [11].
The aim of this paper is to investigate fermion creation in bouncing models which some of
us have been investigating along the past decades. In these models, the bounce occurs due
to quantum cosmological effects when the curvature of space-time becomes very large, up to
scales a few orders of magnitude below the Planck energy (for more involved theories suitable
for energy scales close to or above the Planck scale, see Refs. [15, 16] as some examples). In
this case, the Wheeler-DeWitt approach is reliable. Note that the usual Copenhagen point
of view cannot be used in quantum cosmology (see Ref. [17] for a review on this subject),
hence we interpreted the solutions using the de Broglie-Bohm quantum theory [18]. In this
framework, trajectories can be defined, and the scale factor evolution can be calculated.
They are usually nonsingular, presenting a bounce due to quantum effects at small scales,
and turning to a classical standard evolution when the scale factor becomes sufficiently
large [7, 17, 19, 20]. The models considered in this paper contain one single hydrodynamical
fluid or two fluids [21]: the usual observed radiation and dust contents which are present in
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our universe.
The fermionic fields we consider in this paper are massive neutral fermions minimally
coupled to gravity in the standard way. The fermions considered are the neutrino, the
neutron, and other massive fermions beyond the Standard Model of Particle Physics with
masses up to orderm = 109GeV. For masses far below 109GeV, the energy density of created
fermions is much smaller than the background energy density, even for bounce energies as
close as possible to the Planck energy. Hence, no back-reaction will arise. For masses of this
order, however, the energy density of created fermions can be comparable to the background
energy density, and back-reaction should be considered. Hence, if one wants to consider
baryogenesis [22] in bouncing models, these heavy fermions beyond the Standard Model
should be assumed to exist in the early universe and then decayed to the standard fermions
we know. Another possibility is to consider new different couplings between the fermionic
fields and gravity (see Refs. [23, 24] as examples), not only to yield an overproduction of
particles on anti-particles, but also to enhance the fermionic production with respect to the
standard minimal coupling case.
This paper is divided as follows: in Sec. II we review in some detail the standard the-
oretical derivation of fermion production in a time-dependent homogeneous and isotropic
space-time. In Sec. III, we shortly review the properties of the bouncing cosmological back-
grounds we will consider, which contains one or two background fluids (radiation and a
pressureless fluid), and we apply the results of Sec. II to these situations. We obtain the ex-
pressions for the created number density in terms of the Bogoliubov coefficients, the fermion
masses, and the background parameters. In Sec. IV, we perform the numerical integration
to obtain the number density of created fermions, and we discuss their physical impact. We
conclude in Sec. V with a summary of our results, and a discussion of future developments.
In Appendix A, we study the infrared and ultra-violet limits in order to compare them with
the numerical calculations.
II. FERMION CREATION IN CURVED SPACES
In this section, we present the formalism of Dirac fermion creation in curved space-times,
following Refs. [3, 4]. We consider the case of a spatially flat Friedmann-Lemaˆıtre-Robertson-
Walker (FLRW) space-time, whose line element is given by ds2 = a2(η)(dη2 − d~x2), where
3
a is the scale factor and η is conformal time. The Dirac equation in the FLRW space-time
reads [3] (
i
a
γµ∂µ + i
3
2
Hγ0 −m
)
Ψˆ = 0, (1)
where H = a′/a2 is the Hubble rate, m is the mass of the particle, the prime ′ represents
derivative with respect to conformal time, the γµ are the γ-matrices in flat space-time and
Ψ is the usual Dirac spinor operator.
Performing the change of variable χˆ ≡ a−3/2Ψˆ for the Dirac spinor, the Dirac equation,
Eq. (1), now reads
[iγµ∂µ −ma(η)] χˆ = 0. (2)
We can work in the momentum representation by taking the Fourier transform of χˆ(~x, η):
χˆ(~x, η) =
1
(2π)3/2
∫
d3~ke−i
~k·~xχˆ(~k, η), (3)
where, from Eq. (1), χˆ(~k, η) satisfies the equation
[
iγ0∂η + ~γ · ~k −ma(η)
]
χˆ(~k, η) = 0. (4)
Multiplying the latter equation by the unitary operator UˆR, representing a rotation which
takes ~k to the z-direction in momentum space yields, after some algebra we obtain
[
iγ0∂η + γ
3k −ma(η)] χˆz(~k, η) = 0, (5)
where χˆz ≡ UˆRχˆ and we have used that UˆR~γUˆR = Rijγj = γ3.
We can expand the Dirac spinor operator χˆz(~k, η) on the basis Sl,m of the Dirac spinor
space constituted by the simultaneous eigenvectors of γ0 and Σz = −γ0γ3γ5, where the latter
is proportional to the helicity operator h ≡ ~~Σ · kˆ/2 = ~Σz/2. The basis indexes l, j = ±1
designate the eigenvalues of γ0 and Σz , which in flat space-time discriminate particles from
anti-particles and their spin directions, respectively. In the standard representation1, they
1 In the standard representation, the Dirac matrices are given by γ0 =

1 0
0 −1

, γi =

 0 σi
−σi 0

,
γ5 =

0 1
1 0

. The σi are the Pauli matrices. It is also noted that γµ = ηµνγν = (γ0,−γi), where ηµν is
the Minkowski metric with negative signature.
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are given by
S1,1 =


1
0
0
0

 , S−1,1 =


0
0
1
0

 , S1,−1 =


0
1
0
0

 , S−1,−1 =


0
0
0
−1

 .
In terms of this basis, the expansion reads
χˆz(~k, η) =
∑
l,j
Sl,jrl,j(η, k)Oˆl,j(k), (6)
where rl,j(η, k) are four functions to be determined and Oˆl,j(k) are operators depending
only on momentum k. As χˆz(~k, η) must satisfy the Dirac equation, Eq. (5), the following
constraints arise:
Oˆ−1,j =
−1
kr−1,j
(
ir′1,j −mar1,j
)
Oˆ1,j, (7a)
Oˆ1,j =
−1
kr1,j
(
ir′−1,j +mar−1,j
)
Oˆ−1,j. (7b)
In order to obtain these constraints, one has to multiply Eq. (5) by γ5 and γ0 and use the
fact that the Sl,j are orthonormal eigenvectors of Σz and γ
0.
The operators Oˆl,j are time independent, so the rl,j parts in the Eqs. (7a) and (7b) are
constants in time that can be absorbed in the definition of the Oˆl,j operators. Hence, without
any loss of generality,
Oˆ1,j = Oˆ−1,j. (8)
and
r−1,j =
−1
k
(
ir′1,j −mar1,j
)
, (9a)
r1,j =
−1
k
(
ir′−1,j +mar−1,j
)
. (9b)
Equations (9) imply that
r′′±1,j +
(
k2 +m2a2 ± ima′) r±1,j = 0. (10)
Equation (10) admits two independent solutions. One is related to particles (u±) and the
other is related to anti-particles (v±)
2
r1,j(η, k)Oˆ1,j(k) = u+(η, k)aˆ(k) + v+(η, k)bˆ
†(−k), (11a)
2 As these equations do not depend on helicity, the independent solutions of the Eqs (10) are not expressed
in terms of the helicity index j.
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r−1,j(η, k)Oˆ−1,j(k) = r−1,j(η, k)Oˆ1,j(k)
= u−(η, k)aˆ(k) + v−(η, k)bˆ
†(−k), (11b)
where the −k in the argument of bˆ has its origin from the single complex exponential
appearing in the definition (3).
With the definitions of u± and v± in Eqs. (11), Eqs. (9) read
u+(k, η) =
−1
k
(
iu′−(k, η)−ma(η)u−(k, η)
)
, (12a)
u−(k, η) =
−1
k
(
iu′+(k, η) +ma(η)u+(k, η)
)
, (12b)
and the same relation are valid for v±. Due to Eqs. (12), the quantity |u+|2 + |u−|2 is
conserved in time, hence it can be normalized
|u+|2 + |u−|2 = 1. (13)
Calculating the second order derivative of Eqs. (12) and using both to decouple u±(k, η),
one obtains the following second order equations analogous to Eqs. (10):
u′′±(k, η) +
(
k2 +m2a2 ± ima′) u±(k, η) = 0 (14)
The definitions of particle and anti-particle are given in the initial conditions for u±
and v± at η = −∞, when Eq. (10) can be separated into positive (particles) and negative
(anti-particles) frequencies without ambiguity.
If u+(k, η) is a solution of the equation (10), then the function u
∗
−(k, η) is a linear inde-
pendent solution of the same equation3. It implies that, with a choice of phase,
v± = ∓u∗∓. (15)
Hence, the functions u+ and v+ (u− and v−) are linear independent solutions of Eq. (10),
which represent particles and anti-particles, respectively.
With u± and v± inserted in equation Eq. (6), the z-direction spinor operator can be
separated into particle and anti-particle contributions for the two helicities values,
χˆz(η, k) =
∑
j
(
Uj aˆj(k) + Vj bˆ
†
j(−k)
)
, (16)
3 The Wronskian of u+ and u
∗
− is constant. In fact, from (12)
W (u+, u
∗
−) = u
′
+u
∗
− − u+u′∗− = ik(|u+|2 + |u−|2) = ik.
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where Uj (Vj) corresponds to the particle (anti-particle) spinor with helicity j
Uj = u+S1,j + u−S−1,j , (17a)
Vj = v+S1,j + v−S−1,j . (17b)
It can be verified that these Dirac spinors satisfy the following relation:
Vj(k, η) = Cγ
0Π∗U∗j (k, η) = CU¯
T
j (−k, η), (18)
where C = iγ2γ0 is the charge conjugation matrix and Π = −iγ0γ1γ5 is the parity operator
in k space (e.g., ΠUj(k) = Uj(−k), where Uj(−k) satisfies the Dirac equation (5) with the
replacement k → −k). Equation (18) also appears in other references [3].
Note also that Ul, Vl satisfy the following important properties:
U †j Vm = 0, U¯j
∂
∂η
Vj −
(
∂
∂η
U¯j
)
Vj = 0,
∂
∂η
(U †j Vm) = 0, U
†
jUm = V
†
j Vm = δjm.
The Hamiltonian of the fermionic particles is given by
H =
∫
d3~xχˆ†(x) (−i∂η) χˆ(x). (19)
From the canonical anti-commutation relations and the orthonormality of Ul, Vm, we obtain
{aˆj(~k), aˆ†m(~k′)} = {bˆj(~k), bˆ†m(~k′)} = δjmδ3(~k − ~k′), (20)
and null for the other combinations.
Substituting Eqs. (3) and (16) into the Hamiltonian, Eq. (19), we obtain:
H =
∫
d3~k
∑
j
{
Ek(η)
[
aˆ†j(k)aˆj(k)− bˆj(−k)bˆ†j(−k)
]
+
+Fk(η)bˆj(−k)aˆj(k) + F ∗k (η)aˆ†j(k)bˆ†j(−k)
}
, (21)
where
ωk(η) =
√
k2 +m2a2(η), (22a)
Ek(η) = kRe
(
u∗+u−
)
+ma(η)
(
1− |u+|2
)
, (22b)
Fk(η) =
k
2
(
u2+ − u2−
)
+ma(η)u+u−, (22c)
E2k + |Fk|2 = ω2k, −ωk ≤ Ek ≤ ωk. (22d)
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One can diagonalize the Hamiltonian (21) through the Bogoliubov transformation [25]:
ˆ˜aj(k, η) = αk(η)aˆj(k) + βk(η)bˆ
†
l (−k), (23a)
ˆ˜bj(k, η) = −β∗k(η)aˆj(k) + α∗k(η)bˆ†l (−k), (23b)
where αk(η) and βk(η) satisfy
αk(η) = βk(η)
(
Ek(η) + ωk(η)
F ∗k (η)
)
, (24a)
βk(η) =
F ∗k (η)
2ωk(η)α∗k(η)
, (24b)
|βk(η)|2 = |Fk(η)|
2
2ωk(η)(ωk(η) + Ek(η))
=
ωk(η)−Ek(η)
2ωk(η)
. (24c)
and
|αk(η)|2 + |βk(η)|2 = 1, (24d)
|αk(η)|2 − |βk(η)|2 = Ek(η)
ωk(η)
. (24e)
In terms of the new creation and annihilation operators, Eqs. (23), the normal ordered
Hamiltonian operator then reads
H =
∫
d3~k
∑
j
ωk(η)
[
ˆ˜a†j(k, η)ˆ˜aj(k, η) +
ˆ˜
b†j(k, η)
ˆ˜
bj(k, η)
]
. (25)
From the Hamiltonian (25), an observer will naturally define the vacuum state in some con-
formal time η as ˆ˜aj(k, η) |0η〉 = ˆ˜bj(k, η) |0η〉 = 0. In order to obtain the number of particles
created, it is necessary to compare the different vacua in different times. This evolution is
dictated by the dynamics of u+(η) and u−(η) through Eqs. (12). These differential equations
can be rewritten in a much more clear and physical form. First, let us write them in a more
compact way: 
u′+
u′−

 =

−ima(η) ik
ik ima(η)



u+
u−

↔ u′ = Mu. (26)
To solve this equation, we must first diagonalize the M matrix. Their orthonormal
eigenvectors, with eigenvalues ±iω, read
e1 ≡


√
1
2
(1− ma
w
)√
1
2
(1 + ma
w
)

 , e2 ≡


√
1
2
(1 + ma
w
)
−
√
1
2
(1 + ma
w
)

 . (27)
Defining the vector
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z ≡

αk
βk

 ≡

e−i ∫ ωdη 0
0 ei
∫
ωdη




√
1
2
(1− ma
w
)
√
1
2
(1 + ma
w
)√
1
2
(1 + ma
w
) −
√
1
2
(1− ma
w
)



u+
u−

 , (28)
we obtain the following differential equation for z:
z′ =

αk ′
βk
′

 = ma′k
ω2

 0 −e−2i ∫ ωdη
e2i
∫
ωdη 0



αk
βk

 . (29)
The functions αk(η) and βk(η) are exactly the same as the ones defined in Eq. (23). In order
to see this, we must invert z using Eq. (28) to obtain
uk,+(η) = αk(η)
√
1
2
(
1− ma
ω
)
exp
{
i
∫
ωdη
}
+
+ βk(η)
√
1
2
(
1 +
ma
ω
)
exp
{
−i
∫
ωdη
}
, (30a)
uk,−(η) = αk(η)
√
1
2
(
1 +
ma
ω
)
exp
{
i
∫
ωdη
}
+
− βk(η)
√
1
2
(
1− ma
ω
)
exp
{
−i
∫
ωdη
}
, (30b)
and substitute them in Eqs. (22b) and (22c) to get Eqs. (24)4.
From Eq. (29), one can see that when ma′k/ω2 = mHk/(m2+k2/a2) becomes negligible,
αk(η) and βk(η) tends to be constant. This happens in a flat universe, or whenever H
becomes negligible in some FLRW model. This is the case of bouncing models in which the
far past of the contracting phase is driven by a fluid satisfying the strong energy condition.
In this era, the above quantities become constant, and if we choose βk = 0, which implies
Fk = 0 and Ek = ω, the Hamiltonian (21) assumes the form of Hamiltonian (25), and we
have a stable vacuum defined by aˆl(k) |0〉 = bˆl(k) |0〉 = 0. In this situation, when αk = 1
and βk = 0, we can set the initial conditions for the modes u±(η) using Eqs. (30), yielding
uk,±(η0) =
√
1
2
(
1∓ ma(η0)
ω(η0)
)
eiφ, (31)
where φ is an arbitrary phase.
In the expanding phase, where the observer defines the new vacua |0η〉, the particle num-
ber operator nl(k) = aˆ
†
l (k)aˆl(k) will give the average number of particles with momentum k
4 Due to our signature convention, positive frequencies are associated with particles.
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in the vacuum state |0η〉:
〈nk(η)〉0 =
∑
l
〈0η|nl(k) |0η〉 = 2|βk(η)|2. (32)
The total particle number density n(η) can be defined as the limit of
∑
k |βk(η)|2 in a box
of side L→∞ divided by the volume V (η) = (a(η)L)3, which reads
n(η) =
(
1
a(η)3L3
)(
L
2π
)3 ∞∫
0
d3k〈nk(η)〉0
=
1
π2a(η)3
∞∫
0
dk k2|βk(η)|2, (33)
and the same for the anti-particles. In addition, we can define the energy density of created
particles from an analogous momentum sum of 〈nk(η)〉0 ωk(η), which results
∆ρ(η) =
1
π2a4(η)
∞∫
0
dk k2|βk(η)|2ωk(η), (34)
where ωk(η) is given by Eq. (22a) and ∆ρ(η) is the energy density of created particles at
the instant of time η.
Concluding this section, our task in the following will be to solve Eq. (29) with initial
condition
z(η = ηi) =

1
0

 , (35)
where ηi is some initial conformal time in the far past of the bouncing model of interest,
and find |β2k(η)| in order to obtain n(η) and ∆ρ(η).
III. THE BACKGROUND BOUNCING MODEL
We consider fermion production in bouncing cosmological models described by quantum
cosmology in the light of the de Broglie-Bohm interpretation of quantum mechanics. In
these models, quantum effects are responsible for the avoidance of the classical cosmological
singularity by the presence of quantum corrections to the classical Friedmann equations.
The background is quantized using the Wheeler-deWitt framework, where the phase of the
wave-function guides the background evolution (see Ref. [17] and references therein).
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Quantum fields in an expanding background have an ambiguous definition for its vacuum
states [26]. This ambiguity is due to the lack of a general procedure to define an unique
set of Fourier modes when the space-time does not have a global time-like killing vector.
However, it is possible to choose a suitable vacuum state, called adiabatic vacuum [27, 28],
for which the expectation value of the number operator varies slowly as the expansion rate
of the Universe is arbitrarily slow.
In an expanding background, for each instant of time we can define a complete set of
solutions for the Fourier modes, which defines creation and annihilation operators and,
consequently, a vacuum state [27, 29, 30]. For this reason, if one compares two different vacua
at, e.g., instants ti and tf , evolving the vacuum defined at ti until tf will not correspond to
the same vacuum originally defined at tf . Actually, the creation and annihilation operators
at different times are related by a Bogoliubov transformation, which indicates creation of
particles. Thus, particles can be created in the presence of a gravitational field [28], as it
was explicitly shown in the previous section for fermions.
In a Friedmann universe with a bounce solution, the presence of bounce physics implies
a large deviation from Minkowski space-time due to its strong gravitational field. Thus,
for vacua defined at ti and tf , tf > ti, the expectation value at tf of the particle number
operator defined at ti may result in substantial particle creation in the contracting phase
and through the bounce, which may become relevant to the dynamical evolution of the
background model and to baryogenesis. Scalar particle production in this context has already
been explored in Ref. [11] for a variety of regimes, showing that particle creation cannot
be neglected in some cases. We will give a step forward and calculate the production of
fermions in this same context. Scalar particle production has also been explored in other
bounce models, like matter-bounce cosmology [31], loop quantum cosmology [32, 33] and in
the new Ekpyrotic model [34], whereas fermion production has also been investigated in the
context of superstring cosmology [35].
In the next subsection we contextualize fermion production in cosmological inflation,
which is an alternative to the bounce cosmology scenario, or even coexistent. In the following,
we introduce fermion production in bouncing models.
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A. Inflation
The inflationary scenario, in its most common implementation, is realized by a scalar
field slowly rolling down its potential [2]. By the time the inflationary quasi-de Sitter phase
comes to an end, the universe is still unpopulated by particles. The mechanism responsible
for the particle production in the scenario is the aforementioned parametric amplification,
during the so-called preheating and reheating phases [36–38].
The reheating consists in the decay of the inflaton field through oscillations around its
minimum. The coupling of the inflaton to bosonic and/or fermionic fields allows its decay to
the respective bosons and/or fermions. Each reheating model has its peculiarities [38, 39],
but they must not contradict the predictions of Big-Bang Nucleosynthesis.
Particle production can be even more efficient considering a phase prior to the reheat-
ing5. Contrary to the narrow parametric resonance of the reheating, a broad resonance can
be achieved in considering non-perturbative effects on the inflaton field. The preheating
phase [36, 39] then opens new channels of decay, boosting the production of particles.
Relevant to this work, the fermion production during preheating is developed in the
aforementioned papers [3, 4]. The focus on high mass fermions was given to their ensuing
leptogenesis modeling, which characterizes those heavy fermions as Majarona right-handed
neutrinos. The decay of such particles generates the desired B - L non-conservation, neces-
sary for the baryon asymmetry from leptogenesis. These kind of neutrinos can also take part
in the see-saw mechanism [40, 41], responsible for the low mass of SM neutrinos. Similar
use of right-handed neutrinos is encountered throughout the literature, in different kinds of
models [42].
B. Bounce
The Wheeler-DeWitt equation for a minisuperspace model of a FLRW geometry in the
case where the matter content is a single hydrodynamical fluid with a barotropic equation
p = λρ is given by
i
∂Ψ(0)(a, T )
∂T
=
1
4
∂2Ψ(0)(a, T )
∂χ2
, (36)
5 It can also be thought as the first phase of reheating.
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where
χ =
2
3
(1− λ)−1a3(1−λ)/2, (37)
a is the scale factor and T is a degree of freedom which plays the role of time. The solution
for this equation [19, 20] is
Ψ(0)(a, T ) =
[
8Tb
π (T 2 + T 2b )
]1/4
exp
{[ −4Tba3(1−λ)
9 (T 2 + T 2b ) (1− λ)2
]}
× exp
{
−i
[
4Ta3(1−λ)
9 (T 2 + T 2b ) (1− λ)2
+
1
2
arctan
(
Tb
T
)
− π
4
]}
. (38)
It satisfies an unitary evolution condition and it comes from the normalized initial wave-
function
Ψ
(i)
(0)(χ) =
(
8
Tbπ
)1/4
exp
{
−χ
2
Tb
}
. (39)
The probability density ρ(a, T ) = a(1−3λ)/2
∣∣Ψ(0)(a, T )∣∣2 satisfies a continuity equation
∂ρ
∂T
− ∂
∂a
[
a(3λ−2)
2
∂S
∂a
ρ
]
= 0. (40)
Recalling the de Broglie-Bohm quantum theory [18], the usual Schro¨dinger equation for a
non-relativistic particle in the coordinate representation reads
∂Ψ(x, t)
∂t
=
[
− ~
2
2m
∇2 + V (x)
]
Ψ(x, t). (41)
Expressing Ψ = ReiS/~ and substituting in Eq. (41), two equations are obtained. The
evolution of the probability density R2 is given by the continuity equation
∂R2
∂t
+∇ ·
(
R2
∇S
m
)
= 0, (42)
where one identifies v = ∇S/m as the velocity field of the position of the particle, which
is assumed to have objective reality. Comparing Eqs. (40) and (42), and assuming that
in General Relativity (GR) it is the metric amplitude which is assumed to have objective
reality (in this simple case it is just the scale factor), one obtains the evolution equation for
the scale factor, given by
da
dT
= −a
(3λ−2)
2
∂S
∂a
. (43)
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Calculating ∂S/∂a from Eq. (38), the solution for a(T ) reads
a(T ) = ab
[
1 +
(
T
Tb
)2]1/[3(1−λ)]
, (44)
which is nonsingular at T = 0 and tends to the classical solution for T → ±∞.
We are interested in the more usual fluids, which are radiation and dust matter. From
our knowledge of classical Friedmann cosmology, radiation dominated for small a, so it will
dominate during the bounce. Dust matter dominated far from the bounce, then we choose
to consider in this work the cases for pure radiation and radiation plus dust matter. We
are using the time gauge N = a3λ, for which NdT = adη, where η is the conformal time.
Therefore, η is given in terms of T as
dη = [a(T )]3λ−1 dT. (45)
For pure radiation (λ = 1/3), we obtain T = η and by Eq. (44) for this particular case the
scale factor reads
a(T ) = ab
√
1 +
(
η
ηb
)2
. (46)
For radiation plus dust matter, the calculation is given in detail in Ref. [21] and the scale
factor is given by
a(η) = ae

( η
η∗
)2
+ 2
ηb
η∗
√
1 +
(
η
ηb
)2 , (47)
where ae is the scale factor at matter-radiation equality, and the parameters η∗ and ηb are
related to the wave-function parameters. We recover the case of pure radiation expanding
this expression for large η∗ and identifying ab = 2aeηb/η∗.
In order to make contact with cosmological data, it is convenient to reparametrize the
bounce solutions in terms of observable quantities. The Friedmann equation for radiation
and dust matter fluids reads
H2 = H20
(
Ωr0
a4
+
Ωm0
a3
)
, (48)
where H is the Hubble parameter, Ωr = ρr/ρcrit and Ωm = ρm/ρcrit are the density pa-
rameters for radiation and dust matter, respectively, and ρcrit = 3H
2/(8πG) is the critical
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density. The subscript ’0’ denotes the values we observe today. The critical density today
is ρcrit0 ≈ 10−29 g/cm3.
Far from the bounce scale (large η), where quantum effects are negligible, the Friedmann
equation reads
H2 =
4ae
η2∗
(
ae
a4
+
1
a3
)
, (49)
Comparing Eqs. (48) and (49), in terms of the comoving Hubble radius RH = 1/(a0H0), the
density parameters today are given by
Ωr0 =
ae
a0
4R2H
η2∗
, Ωm0 =
(
ae
a0
)2
4R2H
η2∗
. (50)
Expanding the scale factor (47) for large η∗, i.e., for radiation domination near the bounce
and dust matter domination in the far past, the Friedmann equation results
H2 = H20Ωr0x
4
(
1− x
2
x2b
)
, (51)
where x = a0/a is a redshift variable and, consequently, xb provides the redshift where the
bounce occurs (apart from a small correction from dust matter density), which is defined by
xb =
RH
ηb
√
Ωr0
. (52)
Solving Eqs. (51) and (52) for ae, η∗ and ηb, and computing the scale factor at the bounce
ab in terms of theses quantities, one obtains
ae = a0
Ωr0
Ωm0
, η∗ = 2RH
√
Ωr0
Ωm0
,
ηb =
RH
xb
√
Ωr0
, ab =
a0
xb
. (53)
In terms of these variables, the bounce curvature scale can be obtained from the four-
dimensional Ricci scalar R = 6a′′(η)/a3(η), which results in
Lb =
1√
R
∣∣∣∣
η=0
=
abηb√
6(1 + 2γb)
=
1√
1 + 2γb
a0RH
x2b
√
6Ωr0
, (54)
where
γb ≡ Ωm0
4xbΩr0
. (55)
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is the ratio of the dust matter and radiation density at the bounce. The bounce depth value
xb, which appears explicitly in the Friedmann equation, must be constrained by physical
conditions. The first condition is that the bounce curvature scale must be larger that
the Planck length, Lb > Lp, which sets an upper bound on xb. This bound is relevant
since the Wheeler-DeWitt equation should be a valid approximation for any fundamental
quantum gravity theory only at scales not so close to the Planck length. Using H0 =
70 [Km s−1 Mpc−1], we obtain a0RH/Lp ≈ 8× 1060, which sets
xb .
√
81030
(6Ωr0)1/4
≈ 2× 1031. (56)
This result is obtained for γb ≪ 1, where one assumes the bounce energy scale must be larger
than at the start of nucleosynthesis (≈ 10 MeV). We have assumed that Ωr0 should not be
smaller than its usual value Ωr0 = 8× 10−5, and we used the cosmic microwave background
radiation temperature value T = 2.7 K. This assumption on the energy scale yields a second
condition xb ≫ 1011, which gives an lower bound in the bounce depth. Therefore, we obtain
the constraint
1011 ≪ xb . 2× 1031. (57)
In the case where dust matter is taken into account, assuming the value Ωm0 ≈ 0.3, from
the range of xb one obtains the following interval for γb:
3.7× 10−29 . γb ≪ 7.5× 10−9. (58)
The small values of γb make it explicit that the dust matter fluid dominates only in the far
past, whereas the radiation fluid dominates near the bounce scale.
Some of the bounce parameters introduced above appear explicitly in the equations of
motion of fermions in the Friedmann background with bouncing. For this reason, it is
convenient to introduce some new parameters in terms of the current ones to be used in
these equations in the following sections, which are defined by
η¯ =
η
ηb
, k¯ = kηb, rb = mabηb. (59)
In terms of these parameters, the scale factor, Eq. (47), for radiation and dust matter can
be written as
a(η¯) = ab
(
γbη¯
2 +
√
1 + η¯2
)
, (60)
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whereas in the case of pure radiation (Ωm0 = 0, i.e., γb = 0) it reduces to
a(η¯) = ab
√
1 + η¯2. (61)
Finally, it is relevant to notice from Eq. (54) that Lb ≈ abηb, hence
rb ≈ Lb
LC
, (62)
where LC ≡ 1/m can be identified with the Compton length of the massive particle.
In the following subsection, we will introduce the equations of motion for fermions in the
background bouncing models presented above.
C. Equations
The equations of motion (14) for the variables uk,±(η) in the bouncing background read
in terms of the parameters (59) read
d2uk¯,±(η¯)
dη¯2
+
[
k¯2 +
r2b
a2b
a(η¯)2 ± i rb
ab
da(η¯)
dη¯
]
uk¯,±(η¯) = 0, (63)
where initial conditions for uk¯,±(η), Eqs. (31), in the new variables read
uk¯,±(η¯0) =
√
1
2
(
1∓ rba(η¯0)
abω(η¯0)
)
eiφ. (64)
In the special case where the universe matter content has only a radiation fluid, the scale
factor is given by Eq. (61). Hence, Eq. (63) reads
d2uk¯,±(η¯)
dη¯2
+
[
k¯2 + r2b
(
1 + η¯2
)± irbη¯√
1 + η¯2
]
uk¯,±(η¯) = 0. (65)
These equations have no analytical solutions in terms of known functions and need to be
solved numerically. It is worth mentioning that its asymptotic limits (η¯ → ±∞) have
solutions in terms of parabolic cylinder functions [43]. These same special functions give
analytical results for the Fourier modes of a scalar field in the same background, which have
similar equations except for the presence of the complex term in the square brackets.
In the case where the energy fluid content is radiation and dust matter, the scale factor
is given by Eq. (60), and Eq. (63) results in
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d2uk¯,±(η¯)
dη¯2
+
[
k¯2 + r2b
(
γbη¯
2 +
√
1 + η¯2
)2
± irbη¯
(
2γb +
1√
1 + η¯2
)]
uk¯,±(η¯) = 0. (66)
These equations have no analytical solution as well, and are solved numerically. Asymptot-
ically analytical solutions are also no longer available.
Once the solutions for uk¯,±(η¯) are obtained, the occupation number |βk¯(η¯)|2 for each
mode k¯ can be obtained from Eq. (24). The occupation number is a function of the rescaled
conformal time η¯, and we are interested in the resulting particle creation after the bounce.
In the following section, we will see that for some momenta and masses |βk¯(η¯)|2 exhibits a
peak near the bounce and oscillates until stabilizing to a constant value for some η¯ = η¯∗.
From then on, particle production becomes negligible 6. Therefore, for |βk¯(η¯)|2 evaluated
at η¯ = η¯∗, one obtains the asymptotic particle number density |βk¯|2, where we suppress the
time variable. In terms of the parameters defined in (59), Eqs. (33) and (34) read
n =
1
π2a3η3b
∞∫
0
dk¯k¯2|βk¯|2, (67)
∆ρ =
1
π2a4η4b
∞∫
0
dk¯k¯2|βk¯|2ωk¯, (68)
where ωk¯ =
√
k¯2 + r2ba
2/a2b .
IV. NUMERICAL INTEGRATION
In this section we show some numerical results for the creation of neutral fermionic
particles in a quantum bounce. Information about particle creation is obtained from the
behavior of the Bogoliubov coefficient βk¯, which is non-zero when particles are created.
From the definition of particle number density, Eq. (68), the relevant physical quantity is
the integrand, from which we obtain the density of created particles for each mode k¯. We
performed a numerical analysis of this integrand in the logarithmic scale.
For the fermion production during the bounce, we will focus on massive neutral particles:
the Standard Model (SM) neutrinos with mass mν , and the neutron, despite not being an
6 In Ref. [11], one obtains analytically particle production between two asymptotic states, which are adia-
batic vacua
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elementary particle. In addition, we also consider heavier neutrinos present in extensions
of the Standard Model motivated by ([3]) in order to investigate leptogenesis. We are
particularly interested if a relevant fraction of heavier particles are possible to be created
due to bounce physics.
The neutron mass is known for decades, and its value to the decimal place is 939.6MeV.
Most recent measurements of the SM neutrino masses give only upper limits to its value, of
about 10−1 eV.
A. Analytical considerations
The efficiency of the production of fermions is expected to be related to their masses and
to the depth of the bounce. Inspecting Eq. (66), we see that it will depend mainly on their
ratio, quantified in rb ≈ mLb = Lb/LC . The parameter γb is small and is effective only
at matter domination, when the curvature of space-time is small and hence with negligible
particle creation. Note that if rb = 0 Eq. (66) reduces to a time-independent free harmonic
oscillator equation for each mode, with no particle production. Hence, as larger is rb, greater
will be the production. Note that rb is usually a small number for the parameters considered
here, except for very large fermion masses, see Table 1, ranging from 104 to 10−28.
❅
❅
❅
❅❅
m
Lb
10−18 cm 10−30 cm
10−10 GeV 10−15 10−27
1 GeV 10−5 10−17
103 GeV 10−2 10−14
106 GeV 102 10−11
109 GeV 104 10−8
TABLE I. Order of magnitude of rb = mLb for different masses and bounce length scale.
As we commented above, the presence of dust is not relevant for the production of
fermions. We verified this numerically. Note that for scalar particles some differences may
appear in the infrared limit, see Ref. [11]. The difference is that particle production of
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scalar particles depends on the second derivative of the scale factor, while fermion produc-
tion depends on its first derivative. As for large scale factors a(η) ≈ η2 and a(η) ≈ η for
matter domination and radiation dominated, respectively, the difference in a′′/a and a′/a
for matter domination and radiation domination have different asymptotic behaviors in the
case of scalar particles and the same asymptotic behavior in the case of fermions.
In the Appendix we present estimations of the infrared and ultraviolet limits. We verified
that in the infrared limit the Bogoliubov coefficient βk¯ goes linearly with k¯ while in the
ultraviolet limit it decreases as k¯−2.
B. Numerical results
Before we present our main results, we have mentioned in the previous section that when
particle production occurs the number density |βk¯|2 for each mode k¯ stabilizes to a constant
value at some asymptotic instant η¯ = η¯∗ after the bounce. In Fig. 1 we plot |βk¯|2 as a
function of the conformal time η¯ for the mode k¯ = 10−13 choosing rb = 5.1 × 10−27 as an
example that illustrates it. In the following results, we consider |βk¯(η¯∗)|2 as the resulting
particle production per mode. In Figs. 2 and 3 we plot the behavior of the logarithm of the
-5.0×1013 0 5.0×1013 1.0×1014 1.5×1014
0.00
0.02
0.04
0.06
0.08
0.10
0.12
|β
k
|2
FIG. 1. Plot of number density |βk¯|2 for m = 10−1eV for the representative momentum k¯ = 10−13
choosing rb = 5.1× 10−27.
number density of fermions in k¯-space k¯3|βk¯|2 as a function of ln
(
k¯
)
for the production of
neutrinos and neutrons, respectively. The value of the peak of this figure yields an estimate
of the integral appearing in Eq. (67) yielding the number density of fermions produced. For
each case, the solid and dashed curves represent the choices xb = 10
24, 1030, respectively. The
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neutrinos masses are not precisely known, but have the upper limit ≤ 0.12eV (see Ref. [44]).
We chose mν ≈ 0.1eV for our calculations. On the other hand, the neutron mass is well
know, so we consider mn ≈ 1GeV. Note that fermion production increases with rb, as we
anticipated, and the infrared and ultraviolet limits are in accordance with the estimations
presented in the Appendix.
rb=5.1×10
-15, xb=1x10
24
rb=5.1×10
-27, xb=1x10
30
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10-110
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10-50
10-30
10-10
k
k
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|
k
|2
FIG. 2. Logarithmic plot of the fermion number density k¯3|βk¯|2 for the neutrino mass 10−1eV for
the representative choices xb = 10
24
(
rb = 5.1 × 10−15
)
and xb = 10
30
(
rb = 5.1× 10−27
)
given by
solid and dashed lines, respectively.
rb=4.7×10
-5, xb=1x10
24
rb=4.7×10
-17, xb=1x10
30
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FIG. 3. Logarithmic plot of the fermion number density k¯3|βk¯|2 for the neutron mass 1GeV for
the representative choices xb = 10
24
(
rb = 4.7× 10−5
)
and xb = 10
30
(
rb = 4.7× 10−17
)
given by
solid and dashed lines, respectively.
In Fig. 4 we plot the behavior of the logarithm of the fermion number density in k¯-space
k¯3|βk¯|2 as a function of ln
(
k¯
)
for the production of heavy neutrinos masses 1, 103, 106GeV
for the specific bounce with depth choice xb = 10
30, whereas in Fig. 5 we plot a curve fitting
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the density parameter Ωνh = ρνh/ρcrit0 for x = 1 (today) for heavy neutrinos as a function
of mνh for the same xb value. Note again that the production increases as rb increases. We
have observed that for the chosen value of xb only masses of the order mνh = 10
9GeV give
Ωνh . 10
−3 today.
rb=5.1×10
-17, m=1 GeV
rb=5.1×10
-14, m=10^3 GeV
rb=5.1×10
-11, m=10^6 GeV
10-19 10-9 10 1011
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10-70
10-50
10-30
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k
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FIG. 4. Logarithmic plot of the fermion number density k¯3|βk¯|2 for the neutrino masses 1 GeV,
103 GeV, and 106 GeV for the representative choice xb = 10
30 given by solid, dashed and dotted
lines, respectively.
1 1000 106 109
10-21
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10-1
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Ω
ν
h
FIG. 5. The density parameter Ωνh = ρνh/ρcrit0 today for heavy neutrinos normalized by x
3 as a
function of mνh for the representative choice xb = 10
30.
Despite no analytical solution for βk¯ can be obtained, we can numerically integrate it for
all values of k¯ in order to obtain n and ∆ρ, Eqs. (67) and (68), respectively, in terms of the
definition x = a0/a and the parameters (59). In the calculation of n, Eq. (67), we computed
the integral numerically. The expression outside the integral is inversely proportional to
η3ba
3, which gives n ∝ (xb/1030cm)3x3.
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In the calculation of ∆ρ, there is a also a dependence on the frequency ωk¯ =
√
k¯2 + r2bx
2
b/x
2.
As we want to compare with the energy density today, we made x = 1 (for which
ωk¯ =
√
k¯2 + r2bx
2
b) in order to obtain the density parameter Ω0 = ∆ρ0/ρcrit0 today.
Particles n0 [cm
−3] ∆ρ0 [g/cm
3] Ω0
Neutrinos 4× 10−42 5× 10−76 5× 10−47
Neutrons 3× 10−27 4× 10−51 4× 10−22
TABLE II. Particle density, energy density and density parameters for neutrinos and neutrons
today for both xb = 10
24 e xb = 10
30.
Masses [GeV] n0 [cm
−3] ∆ρ0 [g/cm
3] Ω0
100 3× 10−27 5× 10−51 5× 10−22
103 1× 10−22 2× 10−43 2× 10−14
106 3× 10−18 5× 10−36 5× 10−7
109 1× 10−13 2× 10−28 2× 101
TABLE III. Particle density, energy density and density parameters for heavier neutrinos today
for xb = 10
30.
The approximate results for n0, ∆ρ0 and Ω0 for neutrinos and neutrons are shown in
Table 2, whereas for heavy neutrinos the results are shown in Table 3.
The density parameter results show that only neutral particles with very large masses
can produced in a relevant amount to be compared to the current critical density.
V. CONCLUSION
We have calculated fermion production in cosmological models with a quantum bounce.
The background model contains radiation and dust fluids, the bounce is caused by quantum
effects, and its depth is a free parameter. The masses of the fermions were in the range
0.1 − 109eV, from neutrinos to have fermions outside the Standard Model. The bounce
depth was parametrized by the quantity xb = a0/ab, where a0 and ab are the scale factors
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today and at the bounce, respectively. The fermion production depends only on the ratio
between the curvature scale at the bounce and the Compton wavelength of the particle,
and increases as this ratio increases. This has been verified numerically. Also, fermion
production does not depend on the presence of the dust fluid because it is only important
when the universe is very large, where particle production is mild. This was also verified
numerically.
The results show that fermion production is very small for masses below 109GeV. How-
ever, for masses of this order, fermion production can be significant, with possible physical
effects, like back-reaction and consequences for baryogenesis. Hence, for any physically rele-
vant fermion production, also for a relevant of baryogenesis, either other couplings between
the fermion fields and the gravitational field beyond the minimally coupling considered here
should be considered, or heavier fermions beyond the Standard Model should be examined.
These are subjects that we will investigate in future works. We will also study the production
of charged fermions in such models.
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Appendix A: Infrared and ultraviolet limit for βk
The asymptotic behaviors for the Bogoliubov coefficient βk, both for large (ultraviolet)
and small (infrared) frequencies, can be solved analytically given equation (29) for z′. We
have:
z′ =

αk ′
βk
′

 = ma′k
ω2

 0 − exp{(−2i ∫ ωdη)}
exp
{
(2i
∫
ωdη)
}
0



αk
βk

 . (A1)
We can rewrite this differential equation in cosmic time dt = adη using the definitions
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ω˜ ≡ ω
a
, (A2)
g =
ma′k
a2ω˜2
=
mHk
ω˜2
; θ =
∫
ω˜(t)dt; (A3)
M =

 0 − exp(−2iθ)
exp(2iθ) 0

 , (A4)
yielding
z˙ =
g
a
Mz ≡ g˜Mz. (A5)
1. The infrared limit
In the infrared limit, kphys ≡ k/a→ 0, one has,
g˜ ≈ Hkphys
m
+O(k3phys). (A6)
θ ≈
∫
(m+O(k2phys))dt. (A7)
Hence,
z˙ =

α˙k
β˙k

 ≈ Hkphys
m

 0 −e(−2im∆t)
e(2im∆t) 0



αk
βk

+ ... . (A8)
Using the Magnus approximation [45] we expand the solution as

αk(t)
βk(t)

 ≈

αk(ti)
βk(ti)

+ kphys

 0 f1(t)
f2(t) 0



αk(ti)
βk(ti)

 + ... . (A9)
For

αk(ti)
βk(ti)

 =

1
0

 , (A10)
one gets the result βk(t) = kphysf2(t) +O(k
2
phys).
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2. The ultraviolet limit
In the ultraviolet limit, kphys ≡ k/a→∞, g˜ is also a small parameter,
g˜ ≈ mH
kphys
[1 + O(k−2phys)],
but the matrix M also depends on k. However, integrating the differential equation for z˙ in
Eq. (A2), we have:
z = z(ti) +
∫ t
g˜1M1z1dt1 (A11)
= z(ti) +
∫ t
g˜1M1
[
z(ti) +
∫ t1
g˜2M2z2dt2
]
dt1 (A12)
= z(ti) + z(ti)
∫ t
g˜1M1dt1
[
1 +
∫ t1
g˜2M2dt2
]
+ . . . (A13)
We can now turn to the analysis of the integrals present in Eq. (A13),
∫ t
g˜1M1dt1 =

 0 − ∫ t g˜1e(−2iθ)dt1∫ t
g˜1e
(2iθ)dt1 0

 . (A14)
Integrating the nonzero terms, we get:
∫ t
g˜1 exp(±2iθ)dt1 =
∫ t
g˜1
∓2iω˜1
∓2iω˜1 exp(∓2iθ)dt1 (A15)
=
g˜1 exp(∓2iθ)
∓2iω˜1 −
∫ t( g˜1
∓2iω˜1
).
exp(∓2iθ)dt1 (A16)
=
g˜1 exp(∓2iθ)
∓2iω˜1 −
(
g˜1
∓2iω˜1
).
exp(∓2iθ)
∓2iω˜1 + ... (A17)
Comparing the magnitude of the first two terms above, one gets
(g˜1/ω˜1)
.
g˜
=
1
ω˜3
[(
H˙
H
+ 2H
)(
k2
a2
)
+
(
H˙
H
+ 2H
)(
m2
)]
, (A18)
which, in the UV limit kphys = k/a ∼ ∞, yields
lim
UV
(g˜1/ω˜1)
.
g˜
≈
(
H˙/H + 2H
)
kphys
≈ 0. (A19)
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Therefore, in the UV limit, keeping only the first term, one gets for z
z ≈ z(ti) +

 0 g˜1 exp(−2iθ)−2iω˜1
g˜1 exp(2iθ)
2iω˜1
0

 z(ti). (A20)
Hence,
z =

αk
βk

 =

1
0

+

 0
g˜1 exp(−2iθ)
−2iω˜1

 , (A21)
and the behavior of βk in the UV limit reads
βk ∼ g˜1 exp(−2iθ)−2iω˜1 =
− exp(2iθ)
2i
mHk
ω˜3a
∼ 1
k2phys
. (A22)
Therefore, the Bogoliubov coefficient βk decays as k
2
phys for large kphys.
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